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Abstract 

It seems using the Maxwell-Stefan (M-S) diffusion model in combination with the vacancy solution 

theory (VST) and the single-component adsorption data provides a superior, qualitative, and 

quantitative prediction of diffusion in zeolites. In the M-S formulation, thermodynamic factor (Г) is 

an essential parameter which must be estimated by an adsorption isotherm. Researchers usually utilize 

the simplest form of adsorption isotherms such as Langmuir or improved dual-site Langmuir, which 

eventually cannot predict the real behavior of mixture diffusion particularly at high concentrations of 

adsorbates because of ignoring nonideality in the adsorbed phase. An isotherm model with regard to 

the real behavior of the adsorbed phase, which is based on the vacancy solution theory (VST) and 

considers adsorbate-adsorbent interactions, is employed. The objective of this study is applying 

vacancy solution theory to pure component data, calculating thermodynamic factor (Г), and finally 

evaluating the simulation results by comparison with literature. Vacancy solution theory obviously 

predicts thermodynamic factor better than simple models such as dual-site Langmuir.   
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1. Introduction 

With an increase in adsorbent and catalyst applications, the proper description of intracrystalline 

diffusion has become more important due to its influence on the selectivity of separations and 

reactions (Ruthven, 1984). The Maxwell-Stefan (M-S) equations are widely used to describe mixture 

diffusion in zeolites only by pure adsorption isotherm data (Kazemimoghadam and Mohammadi, 

2011; Krishna and Van Baten, 2005; Kangas et al., 2013):  
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where, -  
 
 is the force acting on species i tending to move along the surface with a velocity of    

(chemical potential gradients).    
  and   

  represent the corresponding Maxwell-Stefan surface 

diffusivities and    
 
 
 
     is fractional coverage. The chemical potential gradients can be expressed 

in terms of the gradients of the occupancies by the introduction of thermodynamic factor (Г) 

(Equation 5). Therefore, a model for the estimation of thermodynamic factor is necessary. It is noted 
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that thermodynamic factor (Г) can be obtained by choosing an adsorption isotherm to relate the bulk 

fluid phase pressure and the fractional loading of components. This adsorption isotherm should be 

valid for the whole range of adsorption. Vanden Broeke and Krishna (1995) used Langmuir isotherm 

to obtain Г; Kapteijn et al. (2000) used ideal adsorbed solution (IAS) to estimate thermodynamic 

factor. Krishna et al. (2004) employed dual-site Langmuir model, while Li et al. (2007) utilized 

statistical thermodynamics to calculate thermodynamic factor. Patricia et al. (2011) used Toth and 

Langmuir–Freundlich isotherms to predict thermodynamic factor. However, none of these isotherm 

models has been confirmed to be the most precise model for the prediction of the thermodynamic 

factor of M-S equation. Langmuir, Toth, and dual-site Langmuir isotherms or ideal adsorbed solution 

theory are too simple for the accurate prediction of thermodynamic factor especially at high 

concentrations of adsorbates. Equations of statistical thermodynamics are not easy to handle either. 

However, it seems vacancy solution theory can predict thermodynamic factor better than those models 

due to considering nonideality in the adsorbed phase. In this study, VST was used to calculate 

thermodynamic factor by pure component parameters and eventually the results were compared with 

other simulation data and dual-site Langmuir model. 

2. Theory 

The fractional coverage is converted into flux using Equation 2: 

  sat

i i i i i iN q u q u     (2) 

By dropping the superscripts for the surface diffusivities in the M-S expression for convenience 

(Equation 1) and multiplying both sides by      , Equation 1 reforms into: 
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Using the definition of the flux, Equation 2 leads to: 
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The gradient of the thermodynamic potential can be expressed in terms of thermodynamic factors 

(Krishna, 1993): 
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An isotherm model with regard to the real behavior of the adsorbed phase is based on the vacancy 

solution theory (Suwanayuen and Danner, 1980). By using Wilson equation for expressing the 

nonideality of the adsorbed phase, the general form of the model for the adsorption of pure component 

is given by: 
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where, subscript   refers to the adsorbate and   stands for the vacancy.  ,  
 
   , bi, and   represent the 

equilibrium pressure, the limiting adsorption amount, Henry’s constant,  and the fractional coverage 

respectively.     and     are the Wilson parameters. Thus the vacancy solution theory has four 

parameters, namely  
 
   ,    ,     , and     , which can be obtained by a nonlinear regression if isotherm 

data are available. These parameters for vacancy solution theory are determined by a nonlinear 
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regression using the least squares method. The nonlinear least squares programs were solved using 

Levenberg-Marquardt or Gauss-Newton algorithms. A computational program written in Matlab 

(Constantinides and Mostoufi, 1999) was used to determine the adsorption parameters of each 

adsorption isotherm by minimizing the following objective function: 
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where,  
 
    and  

 

    
 are the calculated and experimental amounts of adsorbed components 

respectively, and      is the number of experimental points. 

3. Results and discussion 

3.1. Pure adsorption isotherm 

The adsorption isotherms of pure CF4 and CH4 in MFI (298 K) and FAU (300 K) are respectively 

presented in Figures 1 and 2, which are obtained by GCMC simulation (Skoulidas and Sholl, 2001-

2002) and are correlated by the vacancy solution theory (VST). The correlated parameters are given in 

Table 1. According to the Brunauer classification of isotherms, methane and carbon tetra fluoride 

isotherms closely resemble to the type I isotherms. Therefore, the pore size of zeolite particles is not 

much larger than the molecular diameter of the adsorbate (Yang, 1986). This shows that the 

adsorbate-adsorbent interactions are more significant than adsorbate-adsorbate interactions and hence 

the former cannot be ignored. Consequently, an isotherm model considering these interactions should 

be advantageous. The VST model take these interactions into account (parameters     and     in Table 

1). 

 

Figure 1 

The adsorption isotherm of CF4 in MFI at 298 K; the symbols represent the GCMC simulations (Skoulidas and 

Sholl, 2001-2002) and the continuous line represents the VST fit of the isotherm with the parameters specified 

in Table 1. 
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Figure 2 

The adsorption isotherm of CH4 in FAU at 300 K; the symbols represent the GCMC simulations (Skoulidas and 

Sholl, 2001-2002) and the continuous line represents the VST fit of the isotherm with the parameters specified 

in Table 1. 

Table 1 

Regression results of pure adsorption on zeolite MFI and FAU by using vacancy solution theory. 

           
   

     
)  

 
      

   

  
  Temperature(K) Molecule Adsorbent 

0.78 3.41 7.07E-5 15.99 298 CF4 MFI- Zeolite 

0.11 4.10 3.45E-6 120.10 300 CH4 FAU-Zeolite 

3.2. Model Analysis 

Thermodynamic factor (Г) was calculated by using Equations 5 and 6 and the parameters tabulated in 

Table 1. The results were compared with dual-site Langmuir fit and GCMC simulation (Skoulidas and 

Sholl, 2001-2002). The thermodynamic factor (Γ) is a measure of the nonideality of a system. For 

ideal systems or very low adsorbate loadings, the thermodynamic factor (Γ) is close to 1 and the Fick 

and Maxwell-Stefan diffusivity are the same. The results of the model are shown in Figures 3 and 4. 

As can be seen, increasing adsorbate loading raises thermodynamic factor. Therefore, system 

approaches a nonideal behavior and adsorbate-adsorbent interactions cannot be ignored. 

Consequently, by increasing adsorbate loading the results of the VST model (which considers 

adsorbate-adsorbent interactions) are closer to the simulation data than dual-site Langmuir fit. 
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Figure 3 

Comparison of VST and dual-site Langmuir fit with the simulation data (Skoulidas and Sholl, 2001-2002) for 

CF4 in MFI zeolite at 298 K. 

 

Figure 4 

Comparison of VST and dual-site Langmuir fit with the simulation data (Skoulidas and Sholl, 2001-2002) for 

CF4 in MFI zeolite at 298 K. 

4. Conclusions  

According to the Maxwell-Stefan diffusion formula, thermodynamic factor is a parameter for 

explaining the nonideality of a system. At low concentrations of adsorbate, simple models such as 

Langmuir predict thermodynamic factor fairly well but by increasing the concentration of adsorbate 

deviations become more evident. As a result, it seems necessary to consider adsorbate-adsorbent 

interactions at high concentrations of adsorbate. Hence, to obtain thermodynamic factor, vacancy 

solution theory with four parameters was applied. The results were obviously better than models such 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

0 2 4 6 8 10 12 14 

1
/T

h
er

m
o

d
y

n
a

m
ic

 f
a

ct
o

r 
(Г

) 

Loading (mol/kg) 

CF4 in MFI at 298 K; 

GCMC Simulations; 

Skoulidas and Sholl 

GCMC 

Dual-Langmuir fit 

VST 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

0 20 40 60 80 100 120 

1
/T

h
er

m
o
d

y
n

a
m

ic
 f

a
ct

o
r 

(Г
) 

Loading (mol/kg) 

CH4 in FAU at 300 K; 

GCMC Simulations; 

Skoulidas and Sholl 

GCMC 

Dual-Langmuir fit 

VST 



B. Keshavarzi et al. / An Estimation of Wave Attenuation Factor … 39 

 

as dual-site Langmuir because of considering adsorbate-adsorbent interactions in terms of     and      

in the VST model. 

Nomenclature 

   : Henry's constant (mol. kg
-1

. Pa
-1

) 

   
  : Binary exchange coefficient (m

2
.s

-1
) 

  
  : Maxwell-Stefan surface diffusivity of species   (m

2
.s

-1
) 

   : Molar flux of species   across zeolite (mol.m
-2

.s
-1

) 

  : The equilibrium pressure (Pa) 

 
 
 : Partial pressure of   in bulk vapor (Pa) 

 
 
 : Adsorption amount (mol.kg

-1
) 

 
 
    : Limiting adsorption amount (mol.kg

-1
) 

  : Gas constant (8.314 j.mol
-1

.K
-1

) 

  : Absolute temperature (K) 

   : Velocity of species   with respect to zeolite (m.s
-1

) 

Greek Symbols 

  : Delta operator (m
-1

) 

  : The surface chemical potential (j.mol
-1

) 

  : Fractional coverage (dimensionless) 

Г : Thermodynamic correction factor (dimensionless) 

  : Density of zeolite (kg.m
-3

) 

   ,     : Adsorbate-vacancy interaction parameters (dimensionless) 

Subscripts and Superscripts 

            : Component 

    : Value at maximum adsorption limit 

  : Refer to surface phase 

  : Vacancy site 
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