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• The accuracy of the developed application was evaluated using two reservoirs (A and B) delineated from 

eight wells in the FAS Field, Niger Delta. 
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Abstract 

Residual oil saturation (Sor) estimation is a critical component of reservoir development and enhanced oil 

recovery (EOR) projects. Traditionally, Sor is estimated using the Archie method, in which accuracy strongly 

depends on petrophysical exponents, including the tortuosity factor (a), cementation factor (m), and saturation 

exponent (n). However, the conventional method assumes a homogeneous rock formation, rendering it 

ineffective and unreliable in shaly sand reservoirs. Additionally, field-based determination of petrophysical 

exponents and Sor is often difficult and time-consuming. This study addresses these limitations by developing 

a Python-based application that integrates a three-dimensional (3-D) regression technique with the Newton–

Raphson algorithm. The application was tested using well logs from eight wells and statistically validated 

against core Sor data from the FAS Field, Offshore Niger Delta. Results indicated that the tortuosity factor (a) 

ranged from 0.28 (FAS-06) to 2.73 (FAS-04), the cementation factor (m) varied from 0.43 (FAS-06) to 4.11 

(FAS-04), and the saturation exponent (n) ranged from 0.71 (FAS-04) to 8.59 (FAS-05). Correspondingly, Sor 

ranged from 0.11 (FAS-05) to 0.99 (FAS-06). The percentage deviation of the computed Sor relative to the core 

data ranged from 5% (FAS-01) to 27% (FAS-02) for the 3-D regression method and from 3% (FAS-03) to 52% 

(FAS-02) for the Newton–Raphson technique. The results indicate that the 3-D regression method is more 

efficient and reliable for computing petrophysical exponents and Sor in the study area. 

Keywords: Enhanced-oil recovery, Homogeneous rock formation, Newton–Raphson algorithm, Petrophysical 

exponents, Three-dimensional regression (3-D) technique. 
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1. Introduction 

Enhanced oil recovery (EOR) in reservoirs enhances sweep efficiency and provides economic benefits 

to oilfields (Abdolah et al. 2018; Li et al. 2023). EOR becomes necessary after a reservoir has undergone 

primary and secondary recovery, leaving tertiary methods as the only means to extract the remaining 

oil. Tertiary recovery involves the injection of fluids, such as lean gas, CO₂, or rich gas, into a depleted 

hydrocarbon reservoir to maximize productivity (Youwei et al. 2024). 

For reliable and effective tertiary recovery operations, accurate estimation of residual oil saturation (Sor) 

is essential for proper planning. Sor is a critical input for developing an accurate reservoir dynamic 

model, which serves as the basis for future production forecasts during tertiary recovery (Habeeba et 

al. 2012). However, computing Sor remains challenging due to the heterogeneity of rock formations and 

variations in extraction processes. 

Over the years, researchers have employed various methods for estimating residual oil saturation (Sor), 

which are broadly categorized into two main groups: laboratory methods and field methods (Walter et 

al. 2007). Among these techniques, methods capable of measuring fluid saturation in situ are preferred. 

Such techniques include well logging, coring, and laboratory-based reservoir waterflooding; however, 

none of these approaches can be recommended as a singularly reliable method for determining Sor 

(Teklu et al. 2013). Therefore, it is essential to understand the limitations, accuracies, and potential 

sources of error associated with each method, as this knowledge is critical for selecting the most 

appropriate approach for Sor estimation. 

Many laboratory methods for estimating Sor are costly and time-consuming. Nevertheless, the reliability 

of measurements obtained from conventional coring, pressure or sponge coring, and specialized core 

analyses—including fluid extraction, core flooding, and centrifuge analysis—depends on the condition 

of the core at the time of extraction. In contrast, well logging techniques are relatively inexpensive and 

can provide insights into in-situ reservoir fluid conditions, making them more practical compared to 

other methods (Ransom et al. 1984). 

Given the critical importance of residual oil in reservoirs, accurate estimation of Sor is essential for 

informed decision-making during recovery assessment programs. The quantity of residual oil in a 

reservoir can vary according to factors such as lithology, pore size distribution, permeability, 

wettability, fluid properties, recovery method, and production scheme. In heterogeneous reservoirs, the 

variability of these factors complicates Sor computation. 

The conventional method for estimating Sor from well logs, the Archie (1942) method, has limitations 

due to its strong dependence on Archie parameters, including the tortuosity factor (a), cementation 

factor (m), and saturation exponent (n). These parameters can vary significantly across different 

locations, particularly in complex geological settings. Estimating them using conventional techniques 

is often difficult and unreliable because these methods do not account for site-specific conditions or the 

heterogeneity of local reservoir geology, introducing uncertainty into Sor calculations. Therefore, it is 

essential to develop a more reliable approach for determining site-specific petrophysical exponents to 

achieve accurate Sor estimation. In this study, an application integrating the Newton–Raphson algorithm 

with a three-dimensional (3-D) regression technique was developed for this purpose. 
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2. Geological setting and stratigraphy 

The study area, the FAS Field, is located within the Niger Delta Basin, which lies in the southern part 

of Nigeria between latitudes 4°N and 6°N and longitudes 5°E and 8°E (Figure 1). The FAS Field is 

situated offshore and comprises eight oil wells (Figure 2). The basin is bounded to the east by the 

Calabar Flank, to the west by the Benin Flank, to the south by the Gulf of Guinea, and to the north by 

older Cretaceous tectonic structures (Ejedawe et al. 1984). 

The Niger Delta Basin developed through repeated sedimentation over an oceanward-dipping 

continental basement into the Gulf of Guinea, followed by progradation over a landward-dipping 

oceanic basement. This depositional pattern resulted in a 12,000 m thick succession comprising three 

diachronous siliciclastic formations. The Akata Formation, predominantly shale, serves as the primary 

source rock for hydrocarbons. The Agbada Formation, an interbedded sequence of sand and shale, 

constitutes the main hydrocarbon reservoirs. The youngest formation, the Benin Formation, is primarily 

sandy and of continental and fluvial origin (Doust and Omatsola, 1990). 

The Niger Delta Basin is the most hydrocarbon-prolific province in the region, with recoverable oil 

reserves estimated at 35 × 10⁹ barrels (Ekweozor and Daukoru, 1994). Geologically, the offshore Niger 

Delta is divided into two main lobes: the eastern Niger Delta and the western Niger Delta (Figure 1). 

These lobes are separated by the Charcot Fracture Zone, which has a relief of approximately 3 km. This 

subdivision reflects the complex interactions between sedimentation and deformation processes over 

geological time (Wu et al. 2015). 

Slope instability in the Niger Delta has generated geologic structures that can act as conduits for 

hydrocarbon migration. These include listric normal growth faults of extensional origin, accompanied 

by folds and thrusts of compressional origin, typically found in deep-water regions at the toe of the 

slope (Damuth, 1994; Haack et al. 2000; Hooper et al. 2002). Extensional and compressional structures 

generally occur in distinct domains within each lobe of the delta. 

 

Figure 1 

Offshore Niger delta basin showing the distribution of sediments lobe and the outer trust belts (Cobbold et al., 

2009). 
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Figure 2 

Base map of the study area 

3. Materials and methods of study 

3.1. Materials  

The data sets used in this study comprise well logs and core Sor data from the FAS Field, Niger Delta. 

Eight wells (FAS_01, FAS_02, FAS_03, FAS_04, FAS_05, FAS_06, FAS_07, and FAS_08) were 

analyzed, with well logs including gamma ray, deep resistivity, density, neutron porosity, and volume 

of shale, all recorded as a function of measured depth. Core Sor data obtained from waterflooding tests 

were used to validate the Sor values computed by the developed application (see 

https://github.com/Ifanegan-tech/Data-Sets.git). 

The study was conducted using geophysical software, including Petrel 2017, for petrophysical analysis. 

Python 3.9.7 and Streamlit were employed to develop and deploy the data science application. 

3.2. Methods of study 

a. Data Quality Control 

The well logs and core data were imported into Petrel software, where they were thoroughly examined 

for outliers or inconsistencies that could compromise the reliability of the results. 

b. Newton–Raphson Method 

The Newton–Raphson method, a robust iterative technique commonly used for numerically 

approximating the roots of real-valued functions, was employed in this study. It is particularly effective 

for refining parameters in nonlinear models, such as Archie's equation. The algorithm begins with an 

https://github.com/Ifanegan-tech/Data-Sets.git
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initial guess and iteratively refines it using the formula presented in Equation 1, gradually converging 

toward the desired root through successive approximations. 

Xn = Xn–1–
𝑓(𝑋𝑛−1) 

𝑓ꞌ(𝑋𝑛−1)
 (1) 

Where 𝑋𝑛−1is the estimated (𝑛−1)th root of the function, 𝑓(𝑋𝑛−1) is the value of the function at the 

(𝑛−1)th estimated root, and 𝑓′(𝑋𝑛−1) is the value of the first-order derivative of the function at 𝑋𝑛−1. 

The method converges when the absolute value of the product of the function’s value at 𝑋and its second 

derivative at 𝑋is less than the square of the absolute value of its first derivative at 𝑋. With a convergence 

order of 2, the Newton–Raphson method exhibits quadratic convergence, allowing the error to decrease 

rapidly with each iteration. 

│f(Xn). f"(Xn)│< │fꞌ (Xn)│2  

The following steps were followed to compute field-based petrophysical exponents. First, a model 

primarily dependent on the petrophysical exponents was defined. In this study, the Archie (1942) model, 

as presented in Equation 2, was employed. 

𝐿𝑜𝑔
R
mf

 

R
xo

 
= − 𝑙𝑜𝑔 𝑎 + 𝑚 𝑙𝑜𝑔 𝜙 + 𝑛 𝑙𝑜𝑔 𝑆𝑥𝑜 (2) 

The petrophysical exponents (a, m, and n) were initialized using Equation 1, and the gradient and 

Hessian for the initialized parameters were computed, as shown in Equations 3 and 4, respectively. By 

calculating the gradient, the algorithm adjusts the parameters in the direction that minimizes the error 

or maximizes the likelihood of the model, thereby improving the fit to the observed data. The Hessian 

describes how the gradient changes, providing critical information about the curvature of the function’s 

landscape. A positive-definite Hessian indicates a local minimum, whereas a negative-definite Hessian 

suggests a local maximum or a saddle point. By incorporating second-order information, the Hessian 

enables the Newton–Raphson method to converge more rapidly and accurately, allowing the algorithm 

to take optimal steps while avoiding overshooting or slow convergence. 
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  (4) 

The petrophysical parameters were updated iteratively by applying Equation 5 repeatedly until 

convergence was achieved. 

𝜃(𝑡+1) = 𝜃(𝑡) − (𝐻−1𝛻ℓ) (5) 

Where 𝜃(𝑡) is the parameter vector at iteration 𝑡, ∇𝑙 is the gradient vector of the log-likelihood function, 

and 𝐻 is the Hessian matrix of the log-likelihood function. 
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c. Three-dimensional (3-D) regression method for computing petrophysical exponents 

The three-dimensional (3-D) regression method was employed to simultaneously compute the 

petrophysical exponents (a, m, and n) using Archie's formula, as presented in Equation 2. This method 

is particularly effective for simplifying complex models involving multiple parameters, such as Sxo, 
𝑅𝑚𝑓 

𝑅𝑥𝑜 
, and ϕ. By leveraging linear algebra, the nonlinear system of equations representing these 

relationships was transformed into a set of simultaneous linear equations. Specifically, the equations in 

Equations 6, 7, and 8 were expressed in matrix form, facilitating more efficient and manageable 

computation. This matrix formulation enables the use of numerical techniques, such as matrix inversion 

or other linear solvers, to directly determine the petrophysical exponents. Through these operations, the 

3-D regression method reduces computational complexity, providing a streamlined approach for the 

accurate and efficient estimation of petrophysical exponents, which are essential for reservoir modeling 

and analysis. 

Z = 𝐿𝑜𝑔
𝑅𝑚𝑓 

𝑅𝑥𝑜 
, A = Log a, X = Log ϕ, Y= Log Sxo 

Z = –A +mX + nY 

∑𝑍𝑖 =  − 𝑁𝐴𝑖 + 𝑚 ∑𝑋𝑖 + 𝑛 ∑𝑌𝑖 (6) 

∑𝑋𝑖𝑍𝑖 =  − 𝑛𝐴𝑖 ∑𝑋𝑖 + 𝑚∑𝑋𝑖
2 + 𝑛 ∑𝑋𝑖𝑌𝑖         (7) 

∑𝑌𝑖𝑍𝑖 =  − 𝑛𝐴𝑖 ∑𝑌𝑖 + 𝑚 ∑𝑋𝑖𝑌𝑖 + 𝑛 ∑𝑌𝑖
2 (8) 

Where 𝑁 is the number of given data points, 𝑖 denotes each depth value, and 𝑚 and 𝑛 indicate the 

Archie parameters. 

d. Residual fluid saturation estimation and validation  

Residual fluid saturation (Sor) was estimated using Archie's formula, as presented in Equations 9 and 

10. The Sor values were computed based on the previously determined petrophysical exponents. This 

approach applied the computed exponents within Archie's equation to estimate fluid saturation, ensuring 

that the results were consistent with the petrophysical model and representative of the field data. 

To validate the computed Sor values, the percentage difference between the estimated Sor and core-

derived Sor was calculated using Equation 11. This validation step ensures the reliability and accuracy 

of the computed Sor by comparing it against observed core data for consistency. 

(Sxo )𝑛 =
𝑎(Rmf) 

Rxo ×Φm 
=

𝑎

Φm 
×
Rmf 

Rxo 
=

1

Ir 
 (9) 

𝑆𝑜𝑟 = 1 − 𝑆𝑥𝑜 (10) 

% Mean Deviation (d) =  
𝑥1−𝑥2

𝑥2
 × 100% (11) 

e. Software development 

The application was developed using Python to implement Equations 1 through 10, with the Python 

server managing backend computations and the user interface (UI) facilitating interaction with the 

backend (see Appendix). The development process followed these key steps: 
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Header Description: The UI was designed in the Sublime workspace to accept a unique well header 

file containing 17 columns: Depth, Den, GR, NPHI, PHIT, Rt, Rw, Sor, Sxo, Vsh, F, Ro, Ir, Log(F), 

Log(PHIT), Log(Ir), and Log(Sxo). This interface allows users to input well header data effectively (see 

Figures 3 and 4). 

Data Loading: Input data, prepared in CSV (comma-separated values) format, can be loaded through 

the UI by using the browse tool to select the file directly from the directory where it is saved. The 

application then imports the data for processing. 

Data Pre-Processing: After loading, the data undergoes pre-processing to clean the well logs. This step 

involves identifying and addressing missing values or discrepancies, as indicated in the data statistics, 

ensuring that subsequent analyses are not compromised by incomplete or inaccurate data. 

Data Analysis: Computation of the petrophysical exponents is performed by coding Equations 2 

through 8 in Python. These computed parameters are then used to calculate residual water saturation 

(Sxo) and residual oil saturation (Sor). The code executes all necessary calculations to ensure accurate 

petrophysical modeling. 

Outputs: The Python server processes the data and returns the results to the UI for display. Outputs 

include the computed petrophysical exponents, Sxo, and Sor values, providing critical insights into 

reservoir properties. The results are displayed in the user interface, enabling users to review and analyze 

the findings efficiently. 

 

Figure 3 

Input data section for the Newton–Raphson algorithm 
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Figure 4 

Input data section for the 3D regression method 

4. Results and discussion 

The results of this study are presented in the form of graphs and tables. Petrophysical exponents and 

residual fluid saturation (Sor) were computed for two reservoirs (A and B) across eight wells (FAS-01, 

FAS-02, FAS-03, FAS-04, FAS-05, FAS-06, FAS-07, and FAS-08) using the developed application. 

Figure 5 shows a graphical representation of the gamma ray log, resistivity, volume of shale, and 

combined neutron-density logs for wells FAS-01, FAS-04, and FAS-06, oriented along the North–South 

direction. Well FAS-06 is located 1059 meters from FAS-04, while FAS-01 is 638 meters from FAS-

04. The two laterally extensive reservoirs (A and B) were correlated across the selected wells. Reservoir 

A exhibits a thickness of 37 feet in FAS-01 and 48.9 feet in FAS-06, whereas reservoir B is 32 feet 

thinner in FAS-01 and 119 feet thicker in FAS-06. This correlation highlights the lateral variations in 

reservoir thickness across the wells. 

Table 1 summarizes the averaged computed petrophysical properties in the study area. In reservoir A, 

the volume of shale ranges from 0.08 in FAS-01, indicating a cleaner interval, to 0.18 in FAS-06, 

reflecting a shalier interval. In reservoir B, the volume of shale ranges from 0.03 in FAS-03 to 0.11 in 

FAS-08, showing a similar trend of increasing shale content. Total porosity in reservoir A varies from 

0.25 in FAS-05 to 0.30 in FAS-02, while in reservoir B, it ranges from 0.22 in FAS-05 to 0.27 in FAS-

01 and FAS-08, indicating that reservoir A generally exhibits higher porosity than reservoir B. Residual 

oil saturation in reservoir A ranges from 0.02 in FAS-08 and FAS-06 to 0.47 in FAS-03, whereas in 

reservoir B, it varies from 0.02 in FAS-05 to 0.24 in FAS-03. These variations in Sor reflect differences 

in reservoir characteristics and oil retention properties across the wells. 
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Figure 5 

Well Log correlation panel for wells FAS-06, FAS-04, and FAS-01 along the NE–SW direction 

Table 1 

Estimated petrophysical properties with the generalized Archie petrophysical exponents: (a = 1, m = 2, and n = 

2) values for reservoirs A and B across wells FAS-01 to FAS- 08 

Rocks Averaged reservoir properties 

Well 

(“FAS”) 
Reservoir Fluid 

Top Bottom Gross Net Vsh Avϕt Avϕe AvSxo AvSor 

Ft (MD) 
Ft 

(MD) 
Ft Ft % % % % % 

01 A Oil 7267 7304 37.00 37.00 0.08 0.28 0.26 0.85 0.15 

01 B Oil 7664 7697 32.50 32.00 0.06 0.27 0.21 0.79 0.21 

02 A Oil 6648.5 6689 40.50 40.50 0.12 0.30 0.26 0.92 0.08 

02 B Oil 6950 7018 68.00 68.00 0.05 0.26 0.24 0.88 0.12 

03 A Oil 6679.5 6720 40.50 40.50 0.10 0.29 0.25 0.53 0.47 

03 B Oil 6988 7068 80.00 79.51 0.03 0.25 0.23 0.77 0.24 

04 A Oil 7369 7417 47.50 47.50 0.13 0.26 0.23 0.91 0.09 

04 B Oil 7750.5 7816 65.50 65.00 0.09 0.24 0.20 0.96 0.04 

05 A Oil 7631 7680 49.00 48.00 0.16 0.25 0.21 0.94 0.06 

05 B Oil 8113.5 8163 49.50 45.00 0.10 0.22 0.17 0.98 0.02 

06 A Oil 6889.5 6938 48.50 48.50 0.18 0.27 0.22 0.98 0.02 

06 B Oil 7186 7305 119.00 119.00 0.10 0.24 0.22 0.93 0.07 

07 A Oil 6653.5 6694 40.50 40.50 0.13 0.27 0.24 0.90 0.10 

07 B Oil 6944 7021 77.00 76.50 0.04 0.24 0.21 0.91 0.09 

08 A Oil 7340 7374 34.00 34.00 0.15 0.27 0.23 0.98 0.02 

08 B Oil 7696 7783 86.50 82.00 0.11 0.27 0.23 0.91 0.10 

Table 2 summarizes the computed petrophysical exponents and residual oil saturation (Sor) obtained 

using the developed application. For the Newton–Raphson method, tortuosity (a) ranged from 0.28 in 

FAS-06 to 2.39 in FAS-08, the cementation exponent (m) ranged from 0.05 in FAS-06 to 4.08 in FAS-
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08, and the saturation exponent (n) ranged from 0.66 to 0.89 in FAS-05. Corresponding Sor values varied 

from 0.31 in FAS-04 to 0.99 in FAS-06 and FAS-03. Using the 3-D regression method, tortuosity (a) 

ranged from 0.98 in FAS-04 to 1.03 in FAS-06, cementation exponent (m) ranged from 1.09 in FAS-

01 to 2.70 in FAS-06, saturation exponent (n) varied from 0.20 to 8.59 in FAS-05, and Sor ranged from 

0.11 in FAS-05 to 0.88 in FAS-07. These results highlight the variations in petrophysical exponents and 

Sor across different wells for both methods, providing insights into reservoir characteristics. 

Table 2 

Computed petrophysical exponents and Sor values and the measured core Sor data 

Well Method 

Reservoir A (well Log) Core Reservoir B (well Log) Core 

a m n 
Sor 

(%) 

Sor 

(%) 
a m n 

Sor 

(%) 

Sor 

(%) 

FAS 

01 

Archie’s Method 1.00 2.00 2.00 0.15 

0.47 

1.00 2.00 2.00 0.21 

0.92 
Newton–Raphson 

method 
1.97 2.68 3.21 0.72 0.53 0.05 6.27 0.98 

3D Regression Method 0.99 1.39 3.30 0.65 1.00 1.09 6.51 0.87 

FAS 

02 

Archie’s method 1.00 2.00 2.00 0.08 

0.56 

1.00 2.00 2.00 0.12 

0.78 
Newton–Raphson 

method 
1.34 2.49 5.28 0.85 0.88 1.21 5.00 0.81 

3D Regression Method 0.75 2.49 5.28 0.59 1.13 1.21 5.00 0.72 

FAS 

03 

Archie’s method 1.00 2.00 2.00 0.47 

0.96 

1.00 2.00 2.00 0.24 

0.98 
Newton–Raphson 

method 
0.36 0.67 3.16 0.99 0.80 0.63 7.57 0.94 

3D Regression Method 1.00 1.19 3.38 0.83 1.00 1.00 7.59 0.87 

FAS 

04 

Archie’s method 1.00 2.00 2.00 0.09 

N/A 

1.00 2.00 2.00 0.04 

N/A 
Newton–Raphson 

method 
2.73 4.11 0.71 0.39 1.48 2.11 0.84 0.31 

3D Regression Method 0.98 2.26 1.08 0.73 0.99 1.37 0.95 0.45 

FAS 

05 

Archie’s method 1.00 2.00 2.00 0.06 

N/A 

1.00 2.00 2.00 0.02 

N/A 
Newton–Raphson 

method 
0.84 1.55 8.59 0.93 0.68 0.83 0.66 0.56 

3D Regression Method 1.00 1.85 8.59 0.88 1.00 1.50 0.20 0.11 

FAS 

06 

Archie’s method 1.00 2.00 2.00 0.02 

N/A 

1.00 2.00 2.00 0.07 

N/A 
Newton–Raphson 

method 
0.28 0.43 4.67 0.99 0.99 2.23 0.81 0.75 

3D Regression Method 1.02 2.70 5.46 0.75 1.00 2.25 0.80 0.75 

FAS 

07 

Archie’s method 1.00 2.00 2.00 0.10 

N/A 

1.00 2.00 2.00 0.09 

N/A 
Newton–Raphson 

method 
0.78 1.88 4.26 0.88 2.64 3.49 8.19 0.64 

3D Regression Method 1.00 2.32 4.35 0.73 0.99 1.73 8.57 0.88 

FAS 

08 

Archie’s method 1.00 2.00 2.00 0.02 

N/A 

1.00 2.00 2.00 0.10 

N/A 
Newton–Raphson 

method 
2.39 4.07 5.11 0.53 0.61 0.58 5.53 0.96 

3D Regression Method 0.99 2.52 4.48 0.66 1.01 1.45 5.91 0.82 
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Figures 6 and 7 present typical correlation plots of the computed Sor relative to core Sor for reservoirs A 

and B in FAS-01, respectively. In the first track of each figure, the gamma-ray log is displayed, which 

differentiates the sand and shale lithologies using a 70 gAPI cut-off. The second track shows the 

resistivity log, aiding in the delineation of reservoirs A and B. In the fourth track, computed Sor values 

from both the Newton–Raphson and 3-D regression methods are compared. To further evaluate 

accuracy, the percentage deviation between the computed Sor and core Sor was calculated. The Sor log 

derived from the 3-D regression method exhibited the closest match with core Sor, with deviations 

ranging from 5% to 27%. In contrast, the Newton–Raphson method showed larger deviations, ranging 

from 3% to 52% (Table 3). This comparison demonstrates the superior accuracy of the 3-D regression 

method for estimating Sor. 

 

Figure 6 

A typical graphical plot showing the comparison between the computed Sor and the core Sor in reservoir A, FAS-

01 

Figure 7 

A typical graphical plot showing the comparison between the computed Sor and the core Sor in reservoir B, FAS-

01 
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Table 3 

Estimated percentage (%) mean deviation for N–R method and 3D regression Sor values 

Well Reservoir 

% Mean deviation 

between computed 

Newton–Raphson Sor 

and core Sor values 

% Mean deviation 

between computed 

3D regression Sor 

and core Sor values 

% Mean deviation between 

estimated generalized 

petrophysical exponents Sor and 

core Sor values 

FAS 01 A 36 23 68 

 B 6 5 77 

FAS 02 A 52 27 86 

 B 4 8 85 

FAS 03 A 3 14 51 

 B 4 11 76 

5. Conclusions 

The computation of field-based petrophysical exponents is essential for evaluating the hydrocarbon 

recovery potential of reservoirs. The accuracy and reliability of these parameters are highly dependent 

on the estimation method, which is often influenced by factors such as rock heterogeneity and 

wettability. In shaly sand reservoirs, traditional approaches for computing petrophysical exponents are 

challenging due to local conductivity effects caused by clay minerals. Although widely used, 

conventional methods rely on assumptions of full water saturation in core samples to derive the 

tortuosity factor (a) and cementation exponent (m), and they require homogeneous samples with 

uniform porosity to compute the saturation exponent (n). 

The automated Newton–Raphson (N–R) method and the three-dimensional (3-D) regression method 

overcome many limitations of the conventional approach. The 3-D regression method, in particular, is 

both simpler and more accurate, as validated by core Sor data. It exhibits the smallest percentage 

deviation from core Sor, demonstrating superior accuracy in estimating petrophysical exponents within 

the study area. 

Nomenclature 

a Tortuosity exponent (unitless) 

Ir Resistivity index (unitless) 

m Cementation factor (unitless) 

n Saturation exponent (unitless) 

N/A Not available 

Rmf Resistivity of mud filtrate (ohm) 

Rxo Resistivity of flushed zone or residual resistivity (ohm) 

Sxo Residual water saturation (fraction) 

ϕ Porosity (fraction) 

𝑥̅1 Mean value of the computed Sor from the developed application 

𝑥̅2 Mean value of core Sor 
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Appendix 

Newton–Raphson Algorithm Python Code 

# Required Columns 

 Required_logs = ['LOGRMF/RXO', 'LOGPHIT', 'LOGSXO'] 

 # Extract the columns 

 LOG_RMF_RXO = df['LOGRMF/RXO']. dropna().values 

 LOG_LOG_PHIT = df['LOGPHIT']. dropna().values 

 LOG_LOG_SXO = df['LOGSXO']. dropna().values 

 # Ensure all arrays have the same length 

 if not (len(LOG_RMF_RXO) == len(LOG_LOG_PHIT) == len(LOG_LOG_SXO)): 

  raise ValueError("All input array must have the same length,") 

 # Number of data points 

 N = len(LOG_RMF_RXO) 

 # Define the model 

 def model (params, LOG_LOG_PHIT, LOG_LOG_SXO): 

  log_a, m, n = params 

  return –log_a + m * LOG_LOG_PHIT + n * LOG_LOG_SXO 

 # Define the negative log-likelihood function 

 def negative_log_likelihood(params, LOG_RMF_RXO,  

LOG_LOG_PHIT, LOG_LOG_SXO): 

  log_a, m, n = params 

  predicted = model (params, LOG_LOG_PHIT, LOG_LOG_SXO) 

  residuals = LOG_RMF_RXO – predicted 

  # Using a simple sum of squares for demonstration 

  return np.sum(residuals**2) 

 # Define the Jacobian of the negative log-likelihood function 

 def jacobian(params, LOG_RMF_RXO, LOG_LOG_PHIT,LOG_LOG_SXO): 

  log_a, m, n = params 

  predicted = model (params, LOG_LOG_PHIT, LOG_LOG_SXO) 

  residuals = LOG_RMF_RXO – predicted 

  d_log_a = 2 * np.sum(residuals) 

  d_m = –2 * np.sum(residuals * LOG_LOG_PHIT) 

  d_n = –2 * np.sum(residuals * LOG_LOG_SXO) 

  return np.array([d_log_a, d_m, d_n]) 

 # Initial guess for the parameters  

 initial_guess = [0, 1, 1] 

 # Minimize the negative log-likelihood for optimization Using Newton–Raphson Algorithm 

 result = minimize ( 

  negative_log_likelihood, 

  initial_guess, 

  args= (LOG_RMF_RXO, LOG_LOG_PHIT, LOG_LOG_SXO), 

  method='Newton-CG', 

  jac=jacobian, 

  options= {'xtol': 1e-8, 'disp': True} 

 ) 

 # Extract the optimized parameters 
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 log_a_opt, m_opt, n_opt = result.x 

 a_opt = np.exp(–log_a_opt) 

 # Display the results 

 st.write(f"optimized a: {a_opt}") 

st.write(f"optimized m: {m_opt}") 

 st.write(f"optimized n: {n_opt}") 

 # Residual Water Saturation 

 Formation_factor = df['F'] 

 por = df['PHIT'] 

 Water_Sat = df['SXO'] 

 Res_index = df['IR'] 

 Rxo = df['RT'] 

 Rmf = df["RW"] 

 a = a_opt 

 m = m_opt 

 n = n_opt 

 st.header("Residual Water Sat.") 

 SXO = (a*Rmf/(Rxo*por**m)) **1/n 

SXO_filtd = SXO [(SXO >= 0) & (SXO<=1)] 

 w = np.mean(SXO_filtd) 

 st.write(f'The mean of the Residual Water Saturation {w}') 

 st.write(SXO_filtd) 

 st.header("Residual Oil Sat.") 

 Sor = 1– SXO_filtd 

 Sor_filtd = Sor [(Sor >= 0) & (Sor<=1)] 

 r = np.mean(Sor_filtd) 

 st.write(f'The mean of the Residual Oil Saturation {r}') 

 st.write(Sor_filtd) 

 

3D Regression Model Python Code 

st.subheader(' `Archie Parameters Estimation Using 3D Model Approach `') 

 top = df.DEPTH.min() 

 bottom = df.DEPTH.max() 

 st.write(f'The minimum depth value is: {top:.2f}') 

 st.write(f'The maximum depth value is: {bottom:.2f}') 

 # Path to file 

st.subheader('Well header') 

 st.write(df.head()) 

 st.subheader('Data Description') 

 st.write(df.describe()) 

 st.markdown('---') 

 st.subheader(' `Depth Characteristics`') 

 st.subheader('Data Analysis') 

 Log_RMF_RXO= df['LOGRMF/RXO'] 

 log_por = df['LOGPHIT'] 

 log_Sw = df['LOGSXO'] 
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 X = np.array(["LOGPHIT"]) 

 Z = np.array(["LOGRMF/RXO"]) 

 Y = np.array(["LOGSXO"]) 

 # Input for the variables 

 log_RMF_RXO_input = df['LOGRMF/RXO']. values 

 log_PHIT_input = df['LOGPHIT']. values 

 log_SXO_input = df['LOGSXO']. values 

 # Ensure all arrays have the same length 

 if not (len(log_RMF_RXO_input) == len(log_PHIT_input) == len(log_SXO_input)): 

  raise ValueError("All input arrays must have the same lenght.") 

 # Number of data points 

 N = len("LOGPHIT") 

 #Compute sums required for the equations 

 SumZ = np.sum(log_RMF_RXO_input) 

 SumX = np.sum(log_PHIT_input) 

 SumY = np.sum(log_SXO_input) 

 SumXZ = np.sum(log_PHIT_input * log_RMF_RXO_input) 

 SumYZ = np.sum(log_SXO_input * log_RMF_RXO_input) 

 SumSquaresX = np.sum(log_PHIT_input ** 2) 

 SumSquaresY = np.sum(log_SXO_input ** 2) 

 SumXY = np.sum(log_PHIT_input * log_SXO_input) 

 # Construct the matrix A and vector B for the linear system A* [log(a), m, n] = B 

 A = np.array([ 

  [–N, SumX, SumY], 

  [–SumX, SumSquaresX, SumXY], 

  [–SumY, SumXY, SumSquaresY] 

 ]) 

B = np.array([–SumZ, –SumXZ, –SumYZ]) 

# Display intermediate values for debugging 

 st.write("Intermediate Values:") 

 st.write(f"SumZ: {SumZ}") 

 st.write(f"SumX: {SumX}") 

 st.write(f"SumY: {SumY}") 

 st.write(f"SumXZ: {SumXZ}") 

 st.write(f"SumYZ: {SumYZ}") 

 st.write(f"SumSquaresX: {SumSquaresX}") 

 st.write(f"SumSquaresY:{SumSquaresY}") 

 st.write(f"SumXY: {SumXY}") 

 st.write("Matrix A:") 

 st.write(A) 

 st.write("Vector B:") 

 st.write(B) 

 # Solve the linear system 

 solution = np.linalg.solve(A, B) 

 log_a, m, n = solution 

 # Convert log(a) to a 

 a = np.exp(log_a) 
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 # Modulus of a, m, and n 

 a_mod = a * (1) 

 m_mod = m * (–1) 

 n_mod = n * (–1) 

 # Display the Results 

 st.write(f"a: {a_mod}") 

 st.write(f"m: {m_mod}") 

 st.write(f"n: {n_mod}") 

 # Compute for fluid saturation 

 Formation_factor = df['F'] 

 por = df['PHIT'] 

 Sw = df['SXO'] 

 Ir = df['IR'] 

 Rxo = df['RT'] 

 Rmf = df["RW"] 

 a_mod = a_mod 

 m_mod = m_mod 

 n_mod = n_mod 

 st.header("Residual Water Sat.") 

 SXO = (a_mod*Rmf/(Rxo*por**m_mod)) **1/n_mod 

 SXO_filtered = SXO [(SXO >= 0) & (SXO<=1)] 

 xo = np.mean(SXO_filtered) 

 st.write(f'The mean of the Residual Water Saturation {xo}') 

 st.write(SXO_filtered) 

 st.header("Residual Oil Sat.") 

 Sor = 1– SXO_filtered 

 Sor_filtered = Sor [(Sor >= 0) & (Sor<=1)] 

 Oil = np.mean(Sor_filtered) 

 st.write(f'The mean of the Residual Oil Saturation {Oil}') 

 st.write(Sor_filtered) 
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