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Shale formations are essential for different disciplines, including wellbore stability studies in petroleum 

engineering. In shale stability studies, the prediction of transport parameters of water and ions is a significant 

issue (Farrokhrouz and Asef, 2013). A unique and novel method to address this subject is the Revil model 

(Revil et al., 2011), which, unlike previous models, considers physiochemical mechanisms in the pore space 

and needs a few easily measurable shale properties (Revil et al., 2004). In this paper, for the first time to our 

knowledge, the Revil model has been extended for salts of multivalent ions. The extended model for water and 

ion transport through shale has been evaluated against a range of experimental data sets in the literature. The 

extended Revil model only needs a few shale properties such as cation exchange capacity (CEC), porosity, and 

grain density, which can be readily measured in the laboratory. Further, in the present work, three parameters 

(𝑓𝑄, 𝛽(+)
𝑆 , 𝜈) have been considered calibration parameters. In addition to extending the Revil model for 

multivalent salts, we derived a simplified equation to estimate ion selectivity (IS) and a proof for the conjecture 

that IS correlates with membrane efficiency (ME). Focusing on the data set of Albazali (2005), a complete 

matching could be obtained by adjusting calibration parameters for each test data. In the case of adjusting all 

experiments with only three standard calibration parameters, the prediction was not satisfactory. However, the 

“intact-anion method” results were more accurate than the “Donnan method”. When multiple sets of ME data 

in a broader concentration range, including low concentrations, were plotted along with high-concentration 

data, correlativity was significant (R2 > 0.9). Further, a sensitivity analysis of the model parameters was 

performed. Our findings pave the way for the appropriate mechanistic approach to investigating and handling 

practical engineering challenges associated with shale.  
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1. Introduction 

Shales are fine-grained sedimentary rocks with an average or high clay mineral content. The 

characteristic feature of shales is their foliation or breakage along the surface of layering (Farrokhrouz 

and Asef, 2013). Because of their unique behavior, these rocks cause many problems during drilling 

practice. Shales consist of more than 75% of all drilled formations, and more than 70% of well problems 

are related to shale instability (Lal, 1990). Water and ion movement into or out of the shale can change 

the stress state in the shale by altering the pore pressure. The penetration of water into the shale can also 

cause swelling and chemical weakening of the shale, leading to the collapse of the shale formation 

(Moslemizadeh and Shadizadeh, 2015). All these points and environmental problems associated with 

using non-water-based drilling fluids highlight the significance of predicting water and ion movement 

in shale.  

On the other hand, the possibility of performing experiments such as pressure transmission test (PT test) 

is limited due to the difficulty of obtaining intact in-situ shale core plugs preserved under initial 

conditions (Chenevert et al., 2001) and performing the PT tests. Therefore modeling the ion and water 

transport gains further importance. The main transport properties of shales that have been considered 

in previous investigations are membrane efficiency, also called reflection coefficient, (Malusis et al., 

2003), osmotic efficiency (Revil et al., 2004), or electro-osmotic coefficient (Malusis et al., 2003), 

diffusion coefficient (Revil et al., 2004; Malusis et al., 2003; Dominnijanni et al., 2017a,b), and ion 

selectivity (Albazali, 2005). Furthermore, transport modeling provides constitutive equations for 

transport fluxes in terms of gradients.  

Some researchers proposed semi-empirical phenomenological models, such as the model introduced by 

Kedem and Kachalsky (1958), which is based on non-equilibrium thermodynamics. Nevertheless, these 

models did not explicitly consider the microstructural textural properties or electrical properties of the 

fluid-rock interface (Revil, 2011). Several mechanistic models have been proposed that consider the 

microstructure and electrical properties of the rock-fluid interface. A space-charge capillary model has 

been proposed by Gross and Osterle (1968) for charged porous media. They obtained formula to 

calculate the nine coefficients that couple different transport phenomena. Basu and Sharma (1997) 

modified the governing equations to consider the finite ion size, ion hydration, and dielectric constant 

variations later. Lomba et al. (2000) developed a space-charge model to simulate water and ion transport 

in shales. Hydraulic pressure, concentration, and electrical potential were considered deriving forces 

for water and solute flow between the two solutions separated by shale (Lomba et al., 2000). However, 

the above-mentioned analytical models are not readily applicable to the systematic experimental studies 

of petroleum engineering.  

Spiegler et al. (1956) related the electrical conductivity to membrane potential for ion-exchange resins 

by introducing an analogy between pore fluid conductivity and a three-resistor circuit. However, their 

model did not account for the connection of macro and microscopic electrical transport processes, and 

the electrical double layer was not considered explicitly. Moreover, Sen (1989) indicated that their 

model is oversimplified because they did not consider the transport of both anions and cations.  

The model introduced by Sen (1989) captured the effect of microgeometry of the porous media on 

membrane potential and electrical conductivity. He took into account different tortuosities for anions 
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and cations. Further, Revil et al. (2018) implemented the Padé approximant approach merely for 

predicting the electrical conductivity and not for modeling membrane transport processes. 

However, Revil (1999) argued that the model of Sen (1989) had several drawbacks significantly akin 

to being used in practical applications: 1) the four independent parameters to describe the influence of 

microgeometry are very difficult to obtain by experiments (Revil, 1999); 2) Using Padé approximant to 

connect low and high salinity ranges is just an approximation. Therefore, Revil et al. (1999) introduced 

his model for membrane processes which was further developed in Revil et al. (2004), (2011), 

(2017a,b).   

Revil et al. (2011) first upscaled the local transport equations, i.e., Stokes and Nernst-Planck, to the 

scale of a single capillary saturated with a 1:1 electrolyte. Then, these equations were upscaled to the 

scale of a network of capillaries embedded in a homogeneous and continuous mineral matrix. 

The Revil model (2011) was only applicable for salts of monovalent ions (i.e., 1:1 salt such as NaCl); 

therefore, it should be extended for salts of multivalent ions (such as CaCl2). This paper extended that 

model to obtain membrane efficiency and electrochemical potential across shale between two solutions 

with different concentrations of monovalent or multivalent salts. Then, the model outputs were 

compared with corresponding values obtained experimentally by Albazali (2005) and with multiple 

data sets from the literature.  

This paper presented a novel analytical proof for the direct relation between ion selectivity and 

membrane efficiency. We also found a simple mechanistic formula for ion selectivity that appears 

unique. Moreover, we did not find any previous study on membrane efficiency or ion selectivity for 

salts of multivalent ions.  

2. Theory 

This section briefly explains the transport model by Revil et al. (2011) and our additional derivations. 

The nomenclature section shows a list of symbols and abbreviations used and their meanings and units. 

The ionic concentration in pore space is disturbed because of the negative charge of clay particles in 

shale. The Revil model assumes that instead of Poisson–Boltzmann distribution, ionic concentrations 

in the pore water is estimated either by the Donnan method (Revil et al., 2011) or by intact-anion method 

(Revil, 2015), and the system is considered locally in the equilibrium (thermostatic) state. Further, the 

transport occurs only in micropores (Figure 1b), a fair assumption when working with shales (Revil, 

2004).  

The pore space is modeled as a set of unconnected capillaries with charged walls (Figure 1c and d). In 

general, the radius of capillaries has a distribution, but here, we assume a constant capillary radius for 

easiness. In the three-layer model (TLM) (Revil, 2004), it is assumed that the countercharge is divided 

between the Stern layer, which is adjacent to the rock-fluid interface and the diffuse layer (Figure 1c). 

fQ denotes the ratio of countercharge in the Stern layer to the pore fluid charge. 

It is assumed that the electrochemical potentials of cations and anions in the pore space and a fictitious 

reservoir in equilibrium with the pore space (Figure 1a) are equal to obtain the ionic concentrations in 

the pore space by the Donnan method. Ionic concentrations are obtained from Revil (2011) as follows. 

𝐶̅
(±) = 𝐶𝑓(√1 + 𝛩2 ± 𝛩)  (1) 

The dimensionless parameter Θ is defined as: 
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𝛩 ≡
𝑄̅𝑣

0

2 𝑒 𝐶𝑓
  (2) 

where the effective charge per pore volume of the shale (Q̅v
0) is expressed by: 

𝑄̅𝑣
0 =

𝜌𝑔(1−𝜙)(96320 𝐶𝐸𝐶)(1−𝑓𝑄)

𝜙
  (3) 

 

Figure 1 

a) Concept of the fictitious local reservoir, b) sketch of a silty shale, c) Stern and diffuse layer in a capillary, and 

d) a charged capillary model for shale located between two reservoirs (Revil et al., 2004, 2011, and 2017). 

We have generalized Equation (1), which is valid only for monovalent 1:1 salts, to a salt having several 

𝜐(+) cations with charge 𝜔(+) and a number of 𝜐(−) anions with charge 𝜔(−) as follows (see Appendix 

A):  

𝜔(+)

𝜔(−)
𝐶(̅+)

𝜔(−)

𝜔(+)
+1

− (
𝑄̅𝑣

0

𝜔(−)𝑒
) 𝐶̅

(+)

𝜔(−)

𝜔(+) − (𝜐(−)𝜐(+)

𝜔(−)

𝜔(+)𝐶𝑓

𝜔(−)

𝜔(+)
+1

) = 0  (4) 

𝐶̅
(−) =

𝜔(+)

𝜔(−)
𝐶̅

(+) −
𝑄̅𝑣

0

𝜔(−)𝑒
   (5) 
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The number of cations and anions in the chemical formula of CaCl2 is 𝜐(+) = 1 and 𝜐(−) = 2. Moreover, 

the charge of cation and anion are 𝜔(+) = 2 and 𝜔(−) = 1 respectively.  

After obtaining 𝐶̅
(+) by solving Equation (4), 𝐶̅

(−) can be obtained from Equation (5).  

On the other hand, in the intact-anion method, it is assumed that the anion concentration in the pore 

space is equal to the anion concentration in the reservoir, and the excess cation concentration balances 

the negative charge on the clay mineral surface in the pore space, i.e., we have (Revil, 2017): 

𝐶(̅−) = 𝐶(−) = 𝐶𝑓  (6) 

𝐶(̅+) = 𝐶(+) +
𝑄̅𝑣

0

𝑒
= 𝐶𝑓(1 + 2𝛩)  (7) 

The generalized form of the intact-anion method for a salt having  𝜐(+) cations with charge 𝜔(+) and 

𝜐(−) anions with charge 𝜔(−) will be: 

𝐶(̅−) = 𝐶(−) = 𝜐(−)𝐶𝑓  (8) 

𝐶(̅+) = 𝐶(+) +
𝑄̅𝑣

0

𝜔(+)𝑒
= 𝐶𝑓(𝜐(+) +

2

𝜔(+)
𝛩)   (9) 

In the third method, namely the “intact method”, it is assumed that the concentration of ions in the shale 

after reaching equilibrium is the same as their concentration in the exterior solution. 

2.1. Membrane efficiency  

Revil et al. (2011) has derived the following equation for membrane efficiency based on the method for 

estimating the ionic concentration: 

Donnan method 𝜀 = 1 + 𝛩̂
𝛽(+)(√𝛩2 + 1 + 𝛩) + 𝛽(+)

𝑠 𝛹 − 𝛽(−)(√𝛩2 + 1 − 𝛩)

𝛽(+)(√𝛩2 + 1 + 𝛩) + 𝛽(+)
𝑠 𝛹 + 𝛽(−)(√𝛩2 + 1 − 𝛩)

− √𝛩2 + 1 (10) 

Intact-anion method 𝜀 =
𝛩

𝛩 + 1
+

𝛩̂

𝛩 + 1

𝛽(+)(2𝛩 + 1) + 𝛽(+)
𝑠 𝛹 − 𝛽(−)

𝛽(+)(2𝛩 + 1) + 𝛽(+)
𝑠 𝛹 + 𝛽(−)

 (11) 

where Θ̂ is the dimensionless number of charge density dragged by pore water flow (0 ≤ (
Θ̂

Θ
= 𝜐) ≤ 1, 

and 𝜐 indicates a calibration parameter (Revil et al., 2011)). For a multivalent salt having 𝜐(+) cations 

with charge 𝜔(+) and 𝜐(−) anions with charge 𝜔(−), we derived a modified formula as: 

Donnan method 
𝜀 = 1 + 𝛩̂

𝜔(+)𝛽(+)𝐶(̅+) + 𝜔(+)𝛽(+)
𝑠 𝛹𝐶𝑓 − 𝜔(−)𝛽(−)𝐶(̅−)

𝜔(+)𝛽(+)𝐶(̅+) + 𝜔(+)𝛽(+)
𝑠 𝛹𝐶𝑓 + 𝜔(−)𝛽(−)𝐶(̅−)

−

𝐶(̅+)

𝜈(+)
+

𝐶(̅−)

𝜈(−)

2𝐶𝑓

 
(12) 

Intact-anion method 𝜀 =
𝛩

𝛩 + 1
+

𝛩̂

𝛩 + 1

𝜔(+)𝛽(+)𝐶(̅+) + 𝜔(+)𝛽(+)
𝑠 𝛹𝐶𝑓 − 𝜔(−)𝛽(−)𝐶(̅−)

𝜔(+)𝛽(+)𝐶(̅+) + 𝜔(+)𝛽(+)
𝑠 𝛹𝐶𝑓 + 𝜔(−)𝛽(−)𝐶(̅−)

 (13) 
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2.2. Ion selectivity 

The electrochemical potential is measured by the setup shown in Figure 2c. This measured value is 

between a maximum (Nernst potential) and a minimum (liquid junction potential). The former 

(Equation (14)) is for the case where shale acts as a complete ion-selective membrane where anions are 

entirely excluded from entering into the shale, while the latter (Equation (15)) is for the case where 

there is no shale between the two reservoirs (Albazali, 2005). Since the extended Revil model considers 

the fluid as ideal, so 𝛾1 = 𝛾2 = 1.  

𝑉𝑛𝑟{𝑚𝑉} = 1000 
𝑅 𝑇0

𝐹
𝐿𝑛 (

𝛾2𝐶𝑓
2

𝛾1𝐶𝑓
1) (14) 

𝑉𝐿𝐽 = (𝑡(+) − 𝑡(−))𝑉𝑛𝑟 (15) 

where t(+) and t(–) are the transport numbers of cation and anion calculated by (Revil, 2011): 

𝑡(±) =
𝛽(±)

𝛽(+) + 𝛽(−)
 (16) 

We derived the following equation, which appears similar to Equation (15), to estimate the 

electrochemical potential across shale: 

𝛥𝜓{𝑚𝑉} = 1000
𝑅 𝑇0

𝐹
(𝑇(+) − 𝑇(−))𝐿𝑛 (

𝐶𝑓
2

𝐶𝑓
1) = (𝑇(+) − 𝑇(−))𝑉𝑛𝑟 (17) 

where T(+) and T(–) are macroscopic Hittorf numbers of cations and anions, respectively, and we have 

(Revil, 2011): 

𝑇(+) + 𝑇(−) = 1   (18) 

The macroscopic Hittorf number of cations is calculated by the following equations (Revil, 2017): 

Donnan method 𝑇(+) =
𝛽(+)(√𝛩2 + 1 + 𝛩) + 𝛽(+)

𝑠 𝛹

𝛽(+)(√𝛩2 + 1 + 𝛩) + 𝛽(+)
𝑠 𝛹 + 𝛽(−)(√𝛩2 + 1 − 𝛩)

 (19) 

Intact-anion method 𝑇(+) =
𝛽(+)(2𝛩 + 1) + 𝛽(+)

𝑠 𝛹

𝛽(+)(2𝛩 + 1) + 𝛽(+)
𝑠 𝛹 + 𝛽(−)

 (20) 

where the dimensionless Dukhin number is defined as (Revil, 2011): 

𝛹 =
2𝛱−1𝛤(+)

𝐶𝑓
 (21) 

where Π−1 is the raw moment of order (–1) of the capillary radius function. Since we assumed the 

capillary radius to be constant, it is found that Π−1 =
1

R
 . The surface density of positively charged sites 

on the mineral surface Γ(+) is estimated from shale properties (Revil et al., 2011).  

The ion selectivity is defined by (Albazali 2005): 
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𝐼𝑆 =
𝛥𝜓 − 𝑉𝐿𝐽

𝑉𝑛𝑟 − 𝑉𝐿𝐽
 (22) 

By using Equations (15), (17), and (22), we derived: 

𝐼𝑆 =
𝛥𝜓−𝑉𝐿𝐽

𝑉𝑛𝑟−𝑉𝐿𝐽
 =

(𝑇(+)−𝑇(−))𝑉𝑛𝑟−(𝑡(+)−𝑡(−))𝑉𝑛𝑟

𝑉𝑛𝑟−(𝑡(+)−𝑡(−))𝑉𝑛𝑟
 →     𝐼𝑆 =

𝑇(+)−𝑡(+)

1−𝑡(+)
 (23) 

Again, for a multivalent salt having 𝜐(+) cations with charge 𝜔(+) and 𝜐(−) anions with charge 𝜔(−), 

we derived the following formula for 𝑇(+): 

Donnan method or intact-

anion method 𝑇(+) =
𝜔(+)𝛽(+)𝐶(̅+) + 𝜔(+)𝛽(+)

𝑠 𝛹𝐶𝑓

𝜔(+)𝛽(+)𝐶(̅+) + 𝜔(+)𝛽(+)
𝑠 𝛹𝐶𝑓 + 𝜔(−)𝛽(−)𝐶(̅−)

 (24) 

2.3. Comparison of experimental results with numerical data 

The coefficient of determination (R2), which is a measure of the correspondence of two data sets, is 

defined as follows. Denoting the observed data by Yi and the fitted data by yi, one may have: 

𝑌̅ =
1

𝑛
∑ 𝑌𝑖

𝑛

𝑖=1

 (25) 

𝑆𝑆𝑟𝑒𝑔 = ∑ (𝑦𝑖 − 𝑌̅)2
𝑖 ,  𝑆𝑆𝑡𝑜𝑡 = ∑ (𝑌𝑖 − 𝑌̅)2

𝑖 , 𝑆𝑆𝑟𝑒𝑠 = ∑ (𝑦𝑖 − 𝑌𝑖)2
𝑖 = ∑ 𝑒𝑖

2
𝑖  (26) 

𝑅2 ≡ 1 −
𝑆𝑆𝑟𝑒𝑠

𝑆𝑆𝑡𝑜𝑡
 (27) 

2.4. An analytical proof for Albazali’s conjecture 

Albazali (2005) and Lomba et al. (2000) guessed that there should be a direct relation between 

membrane efficiency and ion selectivity. We present analytical proof for this conjecture based on the 

extended Revil model outlined in this paper. Based on the simplified intact-anion method, which 

assumes that cation and anion mobility are the same 𝛽(+) = 𝛽(−), one may obtain (Revil, 2011): 

𝑀𝐸 =
𝛩

𝛩 + 1
 (28) 

Using Equation (23), one may obtain: 

𝛽(+) = 𝛽(−)  →  𝑡(+) =
𝛽(+)

𝛽(+) + 𝛽(−)
= 0.5   →   𝐼𝑆 =

𝑇(+) − 𝑡(+)

1 − 𝑡(+)
≈

𝑇(+) − 0.5

1 − 0.5
= 2𝑇(+) − 1 (29) 

From Equation (20), by neglecting the term β(+)
s Ψ, we obtain: 

𝑇(+) ≈
1 + 2𝛩

2 + 2𝛩
 (30) 
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𝐼𝑆 ≈ 2 ×
1 + 2Θ

2 + 2Θ
− 1 =

Θ

Θ + 1
= 𝑀𝐸 → 𝐼𝑆 ≅ 𝑀𝐸 (31) 

However, the condition for the above equality, i.e., 𝛽(+) = 𝛽(−), is often violated.  

3. Experimental data 

The membrane efficiency data in this study is from Albazali (2005), Manaka et al. (2018), Dominijanni 

et al. (2013), (2017a), and (2017b) (the latter containing two sets of data), Malusis et al. (2014), and 

Danyarov (2014). 

The data set of Albazali (2005) is associated with four shale samples (C1, C2, Pierre shale, and Arco 

China) and four salts (NaCl, KCl, CaCl2, and KHCO2) at two salt concentrations, that is, at two water 

activities of aw = 0.85 and 0.93. The petrophysical properties are given in Table 1a.  

A pressure transmission test measures membrane efficiency (ME). In this test, shale samples are put 

under hydraulic and osmotic gradients. The pressure drop between the two faces of the shale is 

measured.  

Figure 2a shows a typical ME setup, and the pressure variation during the test is shown in Figure 2b. In 

the steady-state conditions, the value of upstream pressure minus downstream pressure is ∆𝑃. This 

difference is due to the osmotic backflow caused by the higher water activity of the downstream pore 

fluid than that of the upstream fluid. The membrane efficiency is estimated by Equation (32) (Revil, 

2017). 

 

Figure 2 

a) Membrane efficiency measurement setup, b) membrane efficiency test result, and c) ion selectivity 

measurement setup (Albazali, 2005). 

𝑀𝐸 =
∆𝑃

∆𝜋
 

(32) 
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where ∆𝑃 is the actual pressure, and ∆𝜋 indicates the theoretical ideal osmotic pressure.  

IS data used in this study are from Albazali (2005). The IS test is performed by placing the shale between 

two compartments having different salt concentrations (Figure 2c). In this way, an electrical potential 

is established, measured by a voltmeter. Ion selectivity is estimated by placing the measured potential 

in Equation (22). A summary of all data sets and the range of values of the main parameters are 

presented in Table 1b. 

Table 1 

a) Petrophysical data of Albazali 2005 and b) the summary of all the data sets used in this study. 

a) 

Shale C1 C2 Pierre Arco China 

aw, initial 0.98 0.94 0.98 0.85 

CEC (meq/100gr) 21.0 23.0 10.5 24.5 

Porosity 0.31 0.13 0.28 0.21 

b) 

Source 
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a
) 
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l. 

(2
0

1
7

b
/1

) 
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n
n
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t a

l. 

(2
0

1
7

b
/2

) 

M
a

lu
sis et 

a
l. (2

0
1

4
) 

D
a

n
iy

a
ro

v

(2
0

1
4

) 

Number of 

points 
28 20 5 3 6 8 20 5 

Rock type 

Four 

natural 

shale 

samples 

Mudstone Bentonite 
Sodium 

bentonite 
Bentonite Bentonite GCL  

DPH-

GCL  

Porosity 

range 

0.13–

0.31 
0.29–0.32 0.81 0.91 0.76–0.81 0.67–0.81 

0.675–

0.8 

0.53–

0.64 

CEC range 

(meq/100gr) 
10–25 21.5–33 105 105 105 48,105 48 52 

Cf range 
0.6–4  

M 
0.01–1 M 0–0.11 M 

0.6–51 

mM 
5–86 mM 0–0.11 M 

0.3–34 

mM 

0.4–148 

mM 

Salt types 

NaCl, 

KCl, 

CaCl2, 

KHCO2 

NaCl, 

KCl, 

KHCO3 

NaCl NaCl NaCl 
NaCl, 

KCl 
KCl KCl 

4. Simulation 

We developed MATLAB codes to simulate the ionic concentrations of the pore space and estimate the 

membrane efficiency and ion selectivity based on the model outlined in the previous section. 

                                                           
1 Geosynthetic clay liner 
2 Dense Prehydrated GCL 
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5. Results and discussion 

5.1. Membrane efficiency and ion selectivity 

Transport parameters refer to membrane efficiency (ME) and ion selectivity (IS) parameters. Based on 

Equations (10)–(13) and (23), these parameters depend on the partition coefficient fQ and on transport 

properties such as bulk and surface ion mobilities (i.e., 𝛽(±) and β(+)
S ) and the charge density dragged 

by pore fluid flow (i.e., 𝜐). Here, the transport parameters, i.e., ME and IS, are considered in the steady-

state conditions.  

First, ME and IS data reported by Albazali (2005) have been obtained by both the intact-anion and 

Donnan methods, and the results have been compared with experimental data. The calibration 

parameters, i.e., 𝑓𝑄, 𝛽(+)
𝑆 , and 𝜈, were manually adjusted to find some optimal values. As can be seen in 

Figure 3a, an acceptable correspondence is seen between ME data and typical ME curves obtained 

based on the model. However, because of small ME values in that zone, i.e., at low Θ and high 

concentrations, after magnification (Figure 3c), a significant discrepancy is revealed between the 

experimental data and the calculated values, demonstrating that the model should be investigated and 

modified for high concentrations, i.e., Cf > 0.5 M. 
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Figure 3 

Prediction of ME and IS (Albazali's data) (b), d), and f))by the intact-anion method with the optimal parameters 

of fQ = 0.984, ν = 1, β(+)
s  = 1; (a, c, and e) by the Donnan method with optimal parameters of fQ = 0.95, ν = 1, β(+)

s  

= 1. 

However, using a case by case optimization via calibrating three parameters, namely 𝑓𝑄, 𝛽(+)
𝑆 , and 𝜈), 

approximately a complete agreement between the model and the experimental data was obtained. It is 

observed that, in contrast to the Donnan method, ME values obtained by the intact-anion method are all 

positive, which is in a better consistency with the experimental values. The values of 𝑓𝑄, 𝛽(+)
𝑆 , and 𝜈 are 

close to 1.0. 𝛽(+)
𝑆  = 1 indicates that the value of cation mobility in the Stern layer is equal to cation 

mobility in the free fluid. However, Revil et al. (2011) stated that the ion mobility in the Stern layer is 

naturally lower than the ion mobility in the free fluid.  

For case by case calibration, the amount of 𝜈 is around 0.7 on average, implying that in the optimal 

conditions, about 0.7 of charge in the diffuse layer is considered to be dragged by the pore fluid flow, 

agreeing with the work of Revil (2017) stating that 𝜈 < 1. 
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The ME values of CaCl2 salt at two concentrations and four rock types, obtained by multivalent 

Equations (26) and (27) and monovalent Equations (24) and (25) are plotted versus the experimental 

ME values by Albazali 2005 to indicate the effectivity of the multivalent formulation developed in this 

study (Figure 4a and b). The multivalent formulation appears reasonable, while the monovalent 

formulation for multivalent salts is very inconsistent for both the intact-anion and Donnan methods. 

In the following, the transport model is evaluated versus membrane efficiency data reported by 

Dominijanni et al. (2013) and (2017), Malusis et al. (2014), Danyarov (2014), and Manaka et al. (2018), 

along with two data sets presented in the previous section (Albazali, 2005). The results showed that the 

model has its best predictions for bentonites and is unsuccessful for natural shale. 

In Figure 4c–f, various researchers’ data sets of membrane efficiency have been compared with the 

model output. In both the intact-anion and Donnan methods, after manually adjusting the three 

parameters (𝑓𝑄, 𝛽(+)
𝑆 , and 𝜈), an excellent correlativity with the empirical data has been obtained. In the 

intact-anion curve (Figure 4c), the intact-anion method, in contrast to the Donnan method, shows an 

unexpected result, as for Θ values somewhat higher than 1.0; the amount of ME will be higher than 1.0, 

and at higher Θ values, it even approaches 2.0. However, in the range of experimental data, the modeled 

ME values are lower than 1.0, and ME values higher than 1.0 are assumed nonphysical.  

The value of the partition coefficient fQ was found close to 1.0, which is consistent with the results 

presented by Revil et al. (2004). This high value means that most counter-ions in the pore space 

accumulate in the Stern layer and adjacent to the mineral-fluid interface.  

By adjusting the three parameters (𝑓𝑄 , 𝛽(+)
𝑆 , and 𝜈), the values of R2 for all the data sets, except for 

Albazali (2005) and Manaka et al. (2018), were higher than 0.9 for both the intact-anion and Donnan 

methods as presented in Table 2. 

Table 2 

Coefficient of determination (R2) between the calculated values and measured data for different methods. 

Charge distribution model Data set R2 (Coefficient of determination) 

ion, water 

Donnan method 

Manaka (2018) 0.566855 

Dominijanni (2013) 0.926732 

Dominijanni (2017a) 0.922498 

Dominijanni (2017a) 0.916831 

Dominijanni (2017a) 0.914924 

Malusis (2014a) 0.914822 

Malusis (2014b) 0.909763 

Intact-anion method 

Manaka (2018) 0.621352 

Dominijanni (2013) 0.916029 

Dominijanni (2017a) 0.915546 

Dominijanni (2017a) 0.914503 

Dominijanni (2017a) 0.928502 

Malusis (2014a) 0.923417 

Malusis (2014b) 0.910594 

Manaka (2018) 0.621352 

Donnan method All ME data 0.93422 
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Charge distribution model Data set R2 (Coefficient of determination) 

ion, water 

Intact-anion method All ME data 0.94068 

An important observation associated with the results shown in Figure 3c–f is that the theory, in most 

cases, appropriately predicts the trend of change in the experimental values of ME and IS with change 

in the salinity, when the rock type and salt type are the same.  

Figure 3c–f shows a systematic clustering of data points. For example, in most cases, seven points 

related to each salt can be divided into four sets (three pairs and one single point) corresponding to four  

rock types. Points of each pair, which have the same rock and salt types but different salinities, are 

somewhat close together and have a trend similar to the line x = y and a similar offset from that line. 

Moreover, in Figure 4c–f, different data sets have different offsets from the x = y line because we have 

used a single set of calibration parameters for all data sets while those parameters are physically 

dependent on experimental attributes such as rock type. Nonetheless, the difference in the offsets is not 

significant. 

As another confirmation for the proposed model, we present a water and ion flow simulation through 

the shale, matched with experimental data from Shoormasti and Tabatabaeinezhad (2021). The 

experimental data are from Manaka et al. (2018), and the experimental setup is shown in Figure 5, 

where the subscript df denotes drilling fluid properties. It comprises a shale slice (1 cm thick) placed 

between two closed chambers with initially different concentrations. The pressure of the left chamber 

is constant (pdf), and the pressure of the right chamber and the concentration in both chambers (C0 and 

Cdf < C0) are measured during the time. As a result of osmosis, the pressure of the right chamber 

suddenly increases, and then, as a result of the diffusion of ions, it gradually declines (Figure 6b). 

Columns of Table 3 list the measured properties, except for the first four columns used as calibration 

parameters of the model. As Figure 6 shows, a successful matching could be obtained by tuning the 

calibration parameters. 
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Figure 4 

(a and b) Comparing monovalent Equations (24) and (25) with multivalent Equations (26) and (27) for predicting 

the membrane efficiency of CaCl2 solutions. The experimental data are from Albazali (2005). It is observed that 

multivalent formulation is effective. The calibration parameters were 𝑓𝑄 = 0.977, 𝜈 = 1, and 𝛽(+)
𝑆 = 1. (c–f) the 

prediction of all the ME data sets: (c and e) by the intact-anion method with optimal calibration parameters of 𝑓𝑄 =

0.995, 𝜈 = 1, and 𝛽(+)
𝑆 = 0.1; (d and f) by the Donnan method with optimal calibration parameters of 𝑓𝑄 =

0.98, 𝜈 = 1,  and 𝛽(+)
𝑆 = 0.1. 

Table 3 

Rock, solution, and experiment properties used in the simulation. The first four columns are considered the 

calibration variables. The following columns are specified by the experimental results of Manaka et al. (2018). 

The solution is assumed to follow the intact-anion model. 

fQ ν 𝜷(+)
𝑺  M ϕ CEC ρg  k C0 Cdf L Salt Setup 

     meq/gr kg/m3  m2 mol/m3 mol/m3 cm   

0.997 0.7 0 2.8 0.32 0.29 2330  
5 × 

10–19 
100 600 1 KCl 

Figure 

5 
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Figure 5 

The chemo-osmotic test setup used by Takeda et al. (2014) and Manaka et al. (2018) (Shoormasti and 

Tabatabaeinezhad, 2021). 

 

Figure 6 

Matching the concentration and pressure simultaneously downstream for the experimental data from Manaka et 

al. (2018) (Shoormasti and Tabatabaeinezhad, 2021). 

5.2. Sensitivity analysis 

A simple single variable sensitivity analysis was performed to investigate the uncertainty of the model. 

Figures 7 and 8 present the sensitivity analysis results considering the results shown in Figure 4b and 

4d as the base cases; x and y axes are reversed. Each time one of the rock textural properties (i.e., 

porosity, CEC, m, and k) were either increased or decreased by 10%, the effect on the model prediction 

for membrane efficiency was evaluated and plotted in Figure 7. The plots depicting the effects of change 

of m and k on ME are not shown because those effects are negligible. As can be seen, the effect of 10% 

change in the porosity is higher than a similar change in the CEC. Figure 7a and b reveal that the model 

can fit almost all the data considering a tolerance of 10% in the accuracy of porosity values. Increasing 

the porosity causes the plot to go downward, while increasing the CEC causes the plot to go upward.  

Similarly, each time one of the calibration parameters (𝑓𝑄, 𝛽(+)
𝑆 , and 𝜈) are changed, and the effect on 

model prediction for membrane efficiency is evaluated and plotted in Figure 8. The plot for the effect 

of change of 𝛽(+)
𝑆  on ME is not shown because this effect is negligible. 
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For sensitivity analysis with respect to 𝜈 (Figure 8a and b), three values of 1.0, 0.9, and 0.81 were 

considered. In contrast to other analyses, the base case data are not shown in the graph by markers but 

are located in the upper end of the various segments. The Donnan method is sensitive to change in 𝜈 

values, while the intact-anion method is not. Increasing the 𝜈 value causes the plot to go downward. 

For sensitivity analysis with respect to 𝑓𝑄, a positive or negative 0.5% change in 𝑓𝑄  values with respect 

to the base case was considered. It is seen that the Intact-anion method is sensitive to change in 𝑓𝑄 

values while the Donnan method is not (Figure 8c and d). Increasing 𝑓𝑄 causes the plot to go downward.  

 

 

Figure 7 

The results of the sensitivity analysis of model versus 10% change in (a and b) porosity and (c and d) CEC with 

respect to the base case (i.e., Figure 4e and f). The results show that porosity has a more significant effect on 

membrane efficiency than CEC. By assuming 10% tolerance in the measured porosity values, almost all data 

points can be fitted on the accurate prediction line x = y. x and y coordinates are reversed compared with Figure 

4e and f. 
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Figure 8 

The results of the sensitivity analysis of model versus change in the calibration parameters, namely (a and b) 𝜐 

and (c and d) 𝑓𝑄 with respect to the base case (i.e. Figure 4e and f). (a and b) Three values of 𝜐 equal to 1.0, 0.9, 

and 0.81 were considered by assuming 𝛽(+)
𝑆 = 0.1 and 𝑓𝑄 = 0.995 (for the intact-anion method) and 𝑓𝑄 = 0.98 

(for the Donnan method). (c and d) a 5% change (positive or negative) in 𝑓𝑄 was applied with respect to the base 

case (i.e., Figure 4e and f) assuming the two other calibration parameters intact, i.e. 𝛽(+)
𝑆 = 0.1 and 𝜐 = 1. It is 

observed that changes in 𝑓𝑄 are effective in the intact-anion method, while the changes in 𝜐 are effective in the 

Donnan method. 

6. Conclusions 

In the current study, the Revil model was extended for salts of multivalent ions and suggested as a 

valuable and novel tool for analyzing the empirical data of osmotic transport through shale. It is 

perceived that the model, notably the “intact-anion method”, predicts the data in the entire range of Θ 

values, especially for the higher Θ range, where the model has acceptable accuracy. 

As a significant result of the current study, fitting all the experimental data sets (ME and IS) by 

calibrating three parameters (𝑓𝑄, 𝛽(+)
𝑆 , and 𝜈) led to a high coefficient of determination (R2 > 0.9) for 

the whole set of membrane efficiency data.   
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The novel mechanistic approach is at the intersection of thermodynamics and porous media modeling. 

The candidates for further research are anisotropy, pore size distribution, deformation, non-ideal 

solutions, and non-isothermal processes. More theoretical and experimental studies are needed to obtain 

better results at high concentrations and various shale types. 

Nomenclature 

CEC Cation exchange capacity C kg−1 

𝐶(±) The concentration of cation and anion in the reservoir mol m−3 

C̅(±) 
The average concentration of cation and anion in the 

reservoir in porous shale 
mol m−3 

𝐶𝑓 Salt concentration in the reservoir mol m−3 

𝑒 Electron charge: 𝑒 = 1.6 × 10−19 C 

𝐹 Faraday constant: 𝐹 = 96485 s A mol−1 

𝑓𝑄 Fraction of extra cations of pore fluid in Stern layer dimensionless 

IS Ion selectivity dimensionless 

ME Membrane efficiency dimensionless 

𝑁𝑎𝑣 Avogadro number: 𝑁𝑎𝑣 = 6.02 × 1023 dimensionless 

𝑄̅𝑉 Volumetric charge density in the pore space C m−3 

𝑅 Gas constant: 𝑅 = 8.314 J mol−1K−1 

𝑅 Capillary radius m 

𝑡(±) Ionic transport numbers of cation and anion dimensionless 

𝑇(±) Macroscopic Hittorf numbers of cation and anion dimensionless 

𝑇0 Temperature K 

V𝐿𝐽 
Liquid junction potential between two electrolytes with 

different salt concentrations 
mV 

V𝑛𝑟 Nernst potential mV 

𝛽(±) Ionic mobility of cation and anion m2s−1V−1 

𝛽(±)
𝑆  Ionic mobility of cation and anion in Stern layer m2s−1V−1 

∆ψ 

Measured or modeled electric potential between two 

faces of shale placed between two electrolytes with 

different concentrations 

mV 

𝜙 Connected porosity dimensionless 

𝛾 The activity coefficient of salt solution dimensionless 

Γ(+) 
The surface density of cation-absorbing surface sites of 

shale 
m−2 

𝑣(±) 
Number of anions and cations in the chemical formula of 

the salt 

dimensionless 

𝜌𝑔 𝑜𝑟 𝑓 Grain or fluid density kg m−3 

Θ 
Dimensionless number of charge density of the diffuse 

layer 

dimensionless 

Θ̂ 
Dimensionless number of charge density dragged by 

pore water flow 

dimensionless 

Π𝑛 
Raw moment of order n of the capillary radius 

distribution function g(R) 
m𝑛 

Ψ Dukhin number dimensionless 
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𝜔(±) Charge of anion and cation dimensionless 
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Appendix A 

First, we find equations for the electrochemical potential of multivalent ions corresponding to what is 

introduced in Revil et al. (2004) for monovalent ions. In a free fluid, the chemical potential of ions is 

defined by Equation (A1). Superscript R refers to a reference state (Revil et al., 2004). 

The electrochemical potential of ions in the shale is given by Equation (A2). 𝜑0 denotes electrical 

potential in shale pore water, and overbar indicates properties in the pore water of shale.  

𝜇(±)
0 = 𝜇(±)

𝑅 + 𝑘𝑏𝑇0𝑙𝑛𝐶(±)
0  (A1) 

𝜇̅(±)
0 = 𝜇̅(±)

𝑅 + 𝑘𝑏𝑇0𝑙𝑛𝐶(̅±)
0 ± 𝜔(±)𝑒𝜑̅0 (A2) 

𝑘𝑏 is Boltzmann constant (𝑘𝑏 = 1.38 ×  10−23). As a result of thermodynamic equilibrium between 

brine outside shale and the pore water, one may obtain (Revil et al., 2004): 

𝜇(±)
𝑅 = 𝜇̅(±)

𝑅  (A3) 

𝜇(±)
0 = 𝜇̅(±)

0  (A4) 

By dividing plus and minus versions of Equations (A1) and (A2) by 𝜔(±) and 𝜔(±) respectively and 

some manipulations, Equation (A5) is expressed by: 

𝐶(̅+)

1
𝜔(+)𝐶(̅−)

1
𝜔(−) = 𝐶(+)

1
𝜔(+)𝐶(−)

1
𝜔(−) (A5) 
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On the other hand, outside the shale pore space, in a free salt solution, we have: 

𝐶(±) = 𝜐(±)𝐶𝑓 (A6) 

Further, by writing definition of 𝑄̅𝑣
0 as excess positive charge density in the pore space, we have: 

𝑄̅𝑣
0 = 𝐶̅

(+)𝜔(+)𝑒 − 𝐶(̅−)𝜔(−)𝑒 (A7) 

Equation (4) is obtained by rearranging: 

𝐶̅
(−) =

𝜔(+)

𝜔(−)
𝐶̅

(+) −
𝑄̅𝑣

0

𝜔(−)𝑒
 (A8) 

Equation (5) is calculated using Equations (A5), (A6), and (A8):   

ω(+)

ω(−)
C̅(+)

ω(−)

ω(+)
+1

− (
Q̅v

0

ω(−)e
) C̅(+)

ω(−)

ω(+) − (υ(−)υ(+)

ω(−)

ω(+)Cf

ω(−)

ω(+)
+1

) = 0              (A9) 


